Abstract. We give a proof of the Neilsen-Thurston classification theorem of a homeomorphism f of a standard surface of finite type as either periodic, pseudo-Anosov, or reducible. In the periodic case, we show that there exists an integer n > 0 such that f is isotopic to h with h n isotopic to the identity. This is the weaker version of the Nielsen-Thurston theorem.
Introduction
A surface L is a standard surface if L admits a complete hyperbolic metric which contains no hyperbolic halfplanes and in which all the boundary components are geodesic [1, Definition 2] . A surface is of finite type if it is of finite genus and has at most finitely many punctures and circle boundary components.
Throughout this paper L is a fixed, standard hyperbolic surface of finite type and f : L → L is a fixed homeomorphism. Thus, L is assumed to have a complete hyperbolic structure, contains no hyperbolic halfplanes, has finite genus, and at most finitely many cusps and geodesic circle boundary components. We allow the surface L to be nonorientable and the homeomorphism f to be orientation reversing.
Let Γ be the collection of simple closed geodesics γ in L ∂L such that f n * (γ) = γ for some n > 0 (see Definition 2.5 for the definition of f * ). Let Γ consist of those elements of Γ that are isolated in the sense that they are disjoint from all other elemants of Γ . By the definition of Γ and since L has finite genus, Γ consists of finitely many disjoint geodesics. Since f * (Γ ) = Γ , it follows that f * (Γ) = Γ.
We prove, Theorem 1.1. If L be a connected, standard surface of finite type and f : L → L a homeomorphism, then there exists a homeomorphism h : L → L isotopic to f such that either, (1) h n is isotopic to the identity for some integer n > 0; (2) h permutes a pair of transverse geodesic lamination Λ ± which itersect every closed two sided geodesic in L ∂L and are minimal in the sense that every leaf of each lamination is dense in the lamination; (3) If S is the internal completion (Definition 2.10) of a component U of L |Γ|, then there is a least integer n S > 0 such that h n S (S) = S. Further, h n S |S : S → S satisfies (1) or (2). If L is orientable, then this is [5, Theorem 0.2]. We do not prove [5, Theorem 0.1] whose proof uses different ideas. We concentrate on constructing the laminations Λ ± . Our proof borrows from Handel and Thurston [5] and Casson and Bleiler [3] but is substantially different from either proof.
Remark. If S is the internal completion of a component U of L |Γ|, then ∂S = S U consists of geodesics. The inclusion map U → L extends in a natural way to an immersion S → L that sends these geodesics to geodesics in Γ. This immersion may send two geodesics in ∂S to the same geodesic in Γ or, if the image geodesic in Γ is one sided, it will be the two-to-one image of a geodesic in ∂S.
Remark (continued). In Theorem 1.1 (3) we abuse notation and denote the natural extension of h|U to S again by h. Definition 1.2. If G is a set of geodesics in L, we let |G| denote the support of G, that is the union of the elements of G. Definition 1.3. If U is a component of L |Γ| which contains a simple closed geodesic σ such that the geodesics f n * (σ), n ∈ Z, are distinct, then U is called a pseuso-Anosov component. Otherwise U is called a periodic component.
Here f * is the geodesic tightening map (Definition 2.5).
Remark. Since f * permutes the elements of Γ we can extend the domain of definition of f * to the components of L |Γ| so that f * permute the components of L |Γ|.
Convention. If γ a geodesic in ∆ and {γ n } n≥0 a sequence of geodesics in ∆ we use the notation γ n → γ as n → ∞ for uniform convergence in the Euclidean metric on ∆.
to be the set of simple geodesics γ ⊂ U such that for every integer p > 0, there exists a subsequence {σ n k p } k≥0 of {σ n } n≥0 (respectively {σ n } n≤0 ) such that for any lift γ of γ there exists a lift { σ n k p } k≥0 of {σ n k p } k≥0 such that σ n k p → γ as k → ∞.
Remark. The full strength of Definition 1.4 is needed in the proof of Lemma 4.16.
In Section 4 we prove, 
Definitions and preliminary results
We take the open unit disk ∆ with the Poincaré metric as hyperbolic plane. The closed unit disk D 2 = ∆ ∪ S Throughout, L is a connected, standard surface of finite type. We fix a lift L to ∆ and let There is a natural map from the internal completion of a component V of L |Λ| into L taking δV to a set of semi-isolated leaves of Λ. An isolated leaf of λ might be the image of two border components of V under this map but a semi-isolated leaf of Λ which is not isolated is the image of at most one.
Remark. In abuse of notation we will often identify δV with its image under this map and consider δV to be a subset of Λ.
Remark. For more information on border and internal completion see [2, Section 5.1].
Simple closed geodesics in L
Let σ be a simple closed geodesic in L. Note that since σ is a geodesic, σ is essential and can not bound a cusp. Throughout this paper, we use the notation,
Thus, one of the following two possibilities holds,
(1) σ k = σ some least integer k > 0; (2) σ n , n ∈ Z, are distinct. The following lemma is clear.
Lemma 3.2. If γ is a simple closed geodesic and τ is any simple geodesic, then τ spirals on γ if and only if there are lifts γ of γ and τ of τ sharing an endpoint on S 1 ∞ . Proposition 3.3. If γ is a simple closed geodesic, then there exists ε > 0 such that if τ is a simple geodesic τ containing a point at a distance less than ε from σ, then either,
(1) τ spirals on γ or ; (2) γ and τ intersect transversely.
Proof. Compare the proof of [3, Lemma 4.6] . Choose a lift γ of γ. Let T γ be an orientation preserving deck transformation with γ as axis and d the hyperbolic distance a point of γ is moved by T γ . Choose ε > 0 such that if σ is any geodesic in ∆ disjoint from γ, not sharing an endpoint on S 1 ∞ with γ, and containing a point at a distance less than ε from γ, then the perpendicular projection (see [3, Figure 4 .5]) of σ on γ has length greater than d.
Suppose that τ is a simple geodesic that does not spiral on γ, does not intersect γ, and does contain a point at a distance less than ε from γ. Then τ has a lift τ containing a point at a distance less than ε from γ, does not intersect γ, and does not share an endpoint on S 1 ∞ with γ. It follows that the perpendicular projection of τ on γ has length greater than d. Thus, T γ ( τ ) meets τ contradicting the fact that τ is simple. It follows that either τ intersects γ or that τ spirals on γ.
The proof of the converse is immediate.
For the rest of Section 3 we make the following assumption.
Assumption. Assume that, (1) γ and σ are simple closed geodesics; (2) There exist a subsequence {σ n k } k≥0 of {σ n } n≥0 and lifts γ of γ and σ n k of σ n k such that σ n k → γ as k → ∞.
By Proposition 3.3, we can assume that all the σ n k intersect γ transversely, Corollary 3.4. If γ and σ satisfy the above Assumption, then there exists a subsequence {σ n } ≥0 of {σ n k } k≥0 and a geodesic τ such that each σ n has lift σ n with σ n → τ , a lift of τ , and τ spirals on γ.
Proof. Denote by T γ an orientation preserving deck transformation with axis γ and let [a, b] ⊂ S 1 ∞ be such that T γ (a) = b. Each σ n k has a lift meeting γ with an endpoint in [a, b) so there exists a subsequence {σ n } ≥0 of {σ n k } k≥0 and a geodesic τ such that each σ n has lift σ n meeting γ with an endpoint in [a, b) and σ n → τ , a lift of τ with endpoint in [a, b] .
The geodesics τ and γ can not intersect since each σ n is simple and there exist sequences of lifts of the σ n approaching both τ and γ. Since each σ n meets γ and σ n → τ , it follows that γ and τ share an endpoint on S Proof. Let N r = #(σ ∩ σ r ) = #(σ n ∩ σ r+n ) and τ be the geodesic constructed in Corollary 3.4. If γ and f r * (γ) intersect transversly, then τ and f r * (τ ) have infinitely many points of transverse intersection. Choose disjoint neighborhoods V j , 1 ≤ j ≤ N r + 1, of N r + 1 points of transverse intersetion of τ and f r * (τ ). By taking sufficiently large one can find a point of σ n ∩ σ r+n in each V j . Since there are N r points in σ n ∩ σ r+n and N r + 1 of the V j this is a contradiction and the lemma follows.
The next corollary follows since L has finite genus. Corollary 3.6. If γ and σ satisfy the above Assumption, then for some least integer r > 0, f r * (γ) = γ, f r * fixes the orientation of γ, and f r is orientation preserving.
Let c, d be the endpoints of γ and f r * be a lift of f r * fixing γ and thus both c and d.
Corollary 3.7. If γ and σ satisfy the above Assumption and α is any simple closed geodesic transverse to γ, then f n * (α), are distinct, n ∈ Z. Proof. Suppose f n * (α) = α for some n > 0 and choose the integer r and lifts γ and f r * as above . By choosing r larger, we can further assume that f r * ( α) = α for every lift α of α meeting γ. By Proposition 3.3, we can assume that σ n k ∩ γ = 0 all k ≥ 1. Let T γ be aa orientation preserving deck transformation with axis γ.
Choose x ∈ γ and let y = T γ (x). Let G be the finite set of lifts of the geodesics σ 0 , . . . , σ r−1 meeting the interval [x, y] ⊂ γ. Since G is finite, there exists lifts α and α of α meeting γ such that all the geodesic in G lie between α and α in ∆.
Consider σ n where n = i + jr for integers 0 ≤ i ≤ r − 1 and j ≥ 0. Then, σ n = f jr * (σ i ). If β is a lift of σ n that meets γ, let ρ = f −jr * (β). Then ρ is a lift of σ i that meets γ. Thus, there exists an integer s ∈ Z, such that ρ = T s γ (ζ) with ζ ∈ G a lift of σ i meeting the interval [x, y] ⊂ γ. Since ζ is between the lifts α and α of α, it follows that ρ is between the lifts T
Thus, the sequence { σ n k } k≥0 does not converge to γ. This contradicts our Assumption and the corollary follows. 
+ and p > 0 is an integer. We will show that there exists a simple geodesic β ∈ L σ + containing x. Since x ∈ X σ + , there exists a subsequence {σ n k p } k≥0 of {σ p!n U n } n≥0 and points x k ∈ σ n k p such that x k → x. Let v k be the unit tangent vector to σ n k p at x k . By again passing to a subsequence if neccesary we can assume that v k → v, a unit tangent vector to L at x. Let β be the unique geodesic through x with tangent vector v and β any lift of β. Let x be the lift of x in β and choose lifts
If β is not simple, then β has lifts β and β such that β ∩ β = ∅. Then for k sufficiently large, σ n k p has lifts σ n k p and σ n k p such that σ n k p ∩ σ n k p = ∅ so σ n k p is not simple. This contradiction implies that β is simple.
+ is homeomorphis to the reals. Proof. If γ ∈ L σ + , then there exists a lift γ of γ and a sequence {σ n k } k≥0 with lift { σ n k } k≥0 such that σ n k → γ as k → ∞. If γ is closed, by Proposition 3.3, we can assume that the σ n k meet γ transversely. Corollary 3.6 then implies that γ ∈ Γ . By Corollary 3.7 it follows that γ ∈ Γ. Since σ ⊂ U , it follows that σ and each σ n , n ∈ Z, are disjoint from each geodesic in Γ and thus from γ. This contradiction implies the proposition.
Since δU consists of closed geodesics we have,
Recall that the closure of a geodesic is the disjoint union of geodesics. If Λ β denotes the lamination consisting of the geodesic in β, then,
Since γ ⊂ β, we can choose lifts β of β such that each endpoint on S 1 ∞ of β is at a distance less than 1/ from the corresponding endpoint of γ. Inductively, suppose integers k 1 < · · · < k −1 and lfts σ n k i p of σ n k i p have been chosen so that the corresponding endpoints on S 1 ∞ of β i and σ n k i p are at a distance less than 1/i, 1 ≤ i ≤ − 1. Since each β is a lift of β, there exists an integer k > k − 1 and lift σ n k p of σ n k p such that the corresponding endpoints on S 1 ∞ of β and σ n k p are at a distance less than 1/ . Then σ n k p → γ as → ∞. Let γ be any lift of γ. Then there exists a deck transformation T so that γ = T ( γ). Then {T ( σ n k p )} ≥0 is a lift of the sequence {σ n k p } ≥0 and
By compactness of L we have, (1) A disk with p points removed from the boundary; (2) A punctured disk with p points removed from the boundary; (3) An annulus with p points removed from one boundary; (4) A Möbius strip with p points removed from its boundary.
Proof. If { γ + i } i∈Z is a finite set as in Figure 1 , then C + is a disk with p points removed from the boundary. Otherwise, { γ + i } i∈Z is an infinite set. The points a i , i ∈ Z, limit on two points in S 1 ∞ . If these two points coincide as in Figure 2 , then C + is a punctured disk with p points removed from the boundary. If these two points are distinct as in Figure 3 , then C + is either an annulus with p points removed from one boundary or a Möbius strip with p points removed from its boundary depending on whether the geodesic ρ ⊂ ∆ with endpoints the two limit points projects under the covering projection to a two sided or one sided simple closed curve ρ ⊂ L. Remark. In the case that C + is a Möbius strip with p points removed from its boundary, the geodesic ρ ⊂ ∆ projects under the covering projection to the center geodesic of the Möbius strip. 
Thus, for arbitrarily large integers
are both lifts of σ n k p , it follows that σ n k p is not simple. This contradiction implies that A = a 0 or A = a 1 . Without loss assume that A = a 0 . The case A = a 1 is similar. From the above discussion, the point a 0 is a contracting fixed point of f Figure 5 (left); (2) λ is bordered above by the lift of a crown set C + as in Figure 5 (right) and λ = γ + 1 belongs to a cycle {γ
∞ which is an expanding fixed point of f p * in S ∞ and the only fixed point of f p * in (a i−1 , a i ) . Proof. If λ is approached both above and below (in Figure 4 (2) is illustrated in Figure 1 if the crown set C + is simply connected, in Figure 2 if the crown set is a cusp, and Figure 3 if the crown set is an annulus or a Möbius strip. (1) The elements of R σ not components of ∂L are contained in Γ;
+ is a finite union of sets whose closures are crown sets; (4) If τ ⊂ U ∂L is a simple closed geodesic, then τ n = f n * (τ ), n ∈ Z, are distinct. Suppose C + is the crown set of Proposition 4.17 (2) associated to {γ Remark. The nulcleus of complemtary crown sets C ± has one boundary component ζ which is piecewise geodesic closed curve with edges altenately in γ Here we use the notation, Φ t (x) = Φ(x, t). In abuse of notation, denote Φ 1 • f by f . Thus, from now on we assume that f (γ) = f * (γ) for every γ ∈ Γ. 
